Mixed colour states in QCD confining vacuum by Buividovich, P. V. & Kuvshinov, V. I.
ar
X
iv
:h
ep
-th
/0
51
11
98
v2
  3
1 
A
ug
 2
00
6
Mixed colour states in QCD confining vacuum
V. I. Kuvshinov∗
JIPNR, National Academy of Science,
220109 Belarus, Minsk, Acad. Krasin str. 99
P. V. Buividovich†
Belarusian State University, 220080 Belarus, Minsk, Nezalezhnasti av. 4
(Dated: 4 June 2006)
Abstract
We show that confinement of spinless heavy quarks in fundamental representation of SU(Nc)
gauge group can be treated as decoherence of pure colour state into a white mixture of states.
Decoherence rate is found to be proportional to the tension of QCD string and the distance between
colour charges. The purity of colour states is calculated.
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One of the most popular test objects used to detect quark confinement is a Wilson
loop calculated in some representation of the gauge group. Measurements of the Wilson
loops allow one to investigate the interaction potential between static quarks in different
representations of the gauge group. For instance, Wilson area law corresponds to QCD
string with constant tension [1]. Most numerical simulations indicate that Wilson loops
indeed obey the Wilson area law at intermediate distances ∼ 0.2 . . . 1 fm [2, 3].
Measurements of Wilson loops allow one to obtain, for example, string tensions or field
configurations around static colour charges [4, 5]. In this paper we will investigate what can
be inferred about the behavior of the colour states of quarks themselves, provided Wilson
loops decay. Usually white wave functions of hadrons are constructed as gauge-invariant
superpositions of quark colour states. This paper is an attempt to treat the confinement of
quarks from a quantum-optical point of view and to demonstrate that white objects can be
also obtained as white mixtures of states described by the density matrix. In this case QCD
confining vacuum can be considered as the environment in the language of quantum optics.
Let us clarify this analogy. Suppose that we have some quantum system which interacts
with the environment. The system itself in general can not be described by the state vector
[6, 7], as only the joint state vector of the system and the environment can be considered.
But the system itself can be described by the density matrix. Such states of the system
are called the mixed states [6, 7]. The density matrix of the system can be obtained by
calculating the density matrix of the system and the environment together and after that
taking traces with respect to those degrees of freedom which belong to the environment
[6, 7].
One uses essentially the same method when calculating the Wilson loops in QCD, either
lattice or continuum: colour states of heavy quarks are averaged over the states of gluons
and sea quarks. As a result no individual colour states are considered, but rather colour
states of particles connected by QCD string. In this paper we will apply the quantum-
mechanical procedure mentioned above to the colour states of heavy quarks: consider the
density matrix of colour charge and average it over the QCD confining vacuum. Finally we
will demonstrate that the purity [6] of the density matrix corresponding to colour degrees
of freedom can be expressed in terms of Wilson loops.
Interactions with the environment result in decoherence and relaxation of quantum su-
perpositions [6, 7], so that the information on the initial state of the quantum system is
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lost after sufficiently large time. Here the analogy between QCD vacuum and the environ-
ment can be continued: information on colour states is also lost in QCD vacuum due to
confinement phenomenon.
In order to demonstrate the emergence of white mixed states let us investigate the fol-
lowing example. Consider propagation of heavy spinless quark along some closed path γ
and suppose that in the point xin of the loop γ the colour state of the quark is described by
the state vector |φin〉 (thus it is a pure state). The amplitude of such process in Feynman-
Schwinger representation and in quenched approximation factorizes into the kinetic part and
the parallel transport operator [4, 5], hence in semiclassical approximation the colour state
vector of the quark is parallel transported along the loop γ:
|φ(γ)〉 = P exp

i
∫
γ
dxµAˆµ

 |φin〉 (1)
where by kets we denote colour state vectors (unit vectors in Nc-dimensional complex space),
P is the path-ordering operator and Aˆµ is the gauge field vector. In order to consider mixed
states we use conventional quantum-mechanical definition of the density matrix, treating
QCD vacuum as the environment:
ρˆ(γ) = 〈〈 |φ(γ)〉〈φ(γ)| 〉〉 (2)
where by 〈〈. . .〉〉 we denote the vacuum expectation value.
According to the equation (1) the colour density matrix ρˆ(γ) is:
ρˆ(γ) = 〈〈 P exp

i
∫
γ
dxµAˆµ

 |φin〉〈φin|
P exp

i
∫
γ
dxµAˆµ


†
〉〉 (3)
The colour density matrix is hermitian and obeys the constraint Tr ρˆ = 1, therefore we
can decompose it into the pieces which transform under adjoint and trivial representations
of the gauge group as ρˆ = N−1c Iˆ + Tˆaρ
a, where Tˆa, a = 1 . . . N
2
c − 1 are the generators of
SU(Nc) Lie algebra normalized as Tr
(
TˆaTˆb
)
= δab. Making use of this decomposition we
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can rewrite the expression (3) in the following form:
ρˆ (γ) = 〈〈N−1c Iˆ +
+Tˆa〈φin|Tˆ
b|φin〉P exp


∫
γ
dxµAˆadjµ

 a
b 〉〉 (4)
where the path-ordered exponent is calculated in the adjoint representation of the gauge
group. As we average the density matrix only over gluonic degrees of freedom and the only
term in (4) which contains gauge field is the path-ordered exponent, the expression for the
density matrix (4) becomes:
ρˆ (γ) = N−1c Iˆ +
+Tˆa〈φin|Tˆ
b|φin〉〈〈 P exp


∫
γ
dxµAˆadjµ

 a
b 〉〉 (5)
Expectation value of path-ordered exponent in (5) is proportional to the identity due to
gauge invariance (we assume no gauge fixing here, which is valid for lattice simulations),
therefore we can write it as follows:
〈〈 P exp


∫
γ
dxµAˆadjµ

 a
b 〉〉 =
= δab
(
N2c − 1
)−1
〈〈 Tr P exp


∫
γ
dxµAˆadjµ

 〉〉 =
= δabWadj (γ) (6)
where Wadj (γ) is the Wilson loop in the adjoint representation.
Finally after taking into account (6) we obtain for the colour density matrix of the colour
charge which was parallel transported along the loop γ:
ρˆ (γ) = N−1c Iˆ +
(
|φin〉〈φin| −N
−1
c Iˆ
)
Wadj (γ) (7)
It is important to note that this colour density matrix transforms covariantly under gauge
transformations, i.e. ρˆ (γ) → Uˆ(xin)ρˆ (γ) Uˆ
†(xin), because vacuum expectation value of a
gauge-variant quantity is a gauge-invariant quantity, if one assumes no gauge fixing.
Expression (7) shows that if the Wilson loop in the adjoint representation decays, the
colour density matrix obtained as a result of parallel transport along the loop γ tends to white
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colourless mixture with ρˆ = N−1c Iˆ, where all colour states are mixed with equal probabilities
and all information on the initial colour state is lost. But Wilson loop decay points at
confinement of colour charges, therefore the stronger are the colour charges confined, the
quicker their pure colour states transform into white mixtures. It is important that the path
γ is closed, which means that actually one observes particle and antiparticle rather than a
single colour charge.
As the Wilson area law typically holds for the Wilson loop [1], we can obtain an explicit
expression for the density matrix. Here it is convenient to choose the rectangular loop γR×T
which stretches time T and distance R:
ρˆ (γR×T ) = N
−1
c Iˆ +
+
(
|φin〉〈φin| −N
−1
c Iˆ
)
exp (−σadjRT ) (8)
where σadj is the string tension between charges in the adjoint representation.
Finally we can obtain the decoherence rate, which is introduced using the concept of
purity p = Tr ρˆ2 [6, 7]. For pure states the purity is equal to one, for mixed states the purity
is always less than one. Purity is a gauge-invariant quantity, which follows immediately from
the transformation law of the colour density matrix (7). For our colour density matrix (8)
the purity is:
p (T,R) = N−1c +
(
1−N−1c
)
exp (−2σadjRT ) (9)
As T or R tend to zero, the purity tends to one, which corresponds to the pure state with
the density matrix ρˆ = |φin〉〈φin|. As the product RT tends to infinity, the purity tends to
N−1c , which corresponds to white mixed state with the density matrix ρˆ = N
−1
c Iˆ. Purity
decay rate T−1dec = 2σadjR, where Tdec is the characteristic decoherence time, is proportional
to the string tension and the distance R. It can be inferred from this expression that the
stronger is the quark-antiquark pair coupled by QCD string or the larger is the distance
between quark and antiquark, the quicker information about colour states is lost as a result
of interactions with QCD vacuum.
Thus we have considered the evolution of a single colour charge interacting with QCD
vacuum. As it is suggested by the expression (9), confinement indeed can be regarded as
a result of decoherence processes. Decoherence rate is twice the tension of QCD string.
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It could be interesting to extend the arguments presented above to the case of dynamical
quarks.
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